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Further simplification of the constraints of four-dimensional gravity 
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The super-Hamiltonian of 4-dimensional gravity as simplified by Ashtekar through the use of 
gauge potential and densitized triad variables can furthermore be succinctly expressed as a Poisson 
bracket between the volume element and other fundamental gauge-invariant elements of 3-geometry. 
This observation naturally suggests a reformulation of non-perturbative quantum gravity wherein 
the Wheeler-DeWitt Equation is identical to the requirement of the vanishing of the corresponding 
commutator. Moreover, this reformulation singles out spin network states as the preeminent basis 
for expansion of all physical states. 
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I. INTRODUCTION 

Non-perturbative canonical quantization of grav¬ 
ity attempts to overcome the perturbative non- 
renormalizability of Einstein’s theory by treating the 
constraints exactly. Ashtekar’s seminal simplification of 
the constraints through the use of gauge connection and 
densitized triad variables [lj bridged the distinction be¬ 
tween geometrodynanrics and gauge dynamics by iden¬ 
tifying the densitized triad, E la -from which the met¬ 
ric is a derived composite - as the momentum conju¬ 
gate to an SO(3,C) gauge potential A ia . The introduc¬ 
tion of spin network states [3 have also yielded discrete 
spectra for well defined area and volume operators Q. 
To the extent that exact states and rigorous results are 
needed, simplifications of the classical and correspond¬ 
ing quantum constraints are of great importance to the 
program. These include Ashtekar’s original simplifica¬ 
tion and also Thiemann’s observation that e a bc^ijkE' la E : ’ b 

in the super-Hamiltonian constraint is proportional to 
the Poisson bracket between the connection and the vol¬ 
ume operator Q|. Thus it is not unreasonable to expect 
even more progress from further simplification of the con¬ 
straints, all the more so if the simplification is naturally 
associated with spin networks states. 

Starting with the fundamental conjugate pair and Pois¬ 
son bracket, 

{E ia (x),A jb (y)} P . B . = -i(^)S*%S a (Z - y), (1) 

we shall show that the super-Hamiltonian permits a fur¬ 
ther remarkable simplification: It is in fact expressible 
as a Poisson bracket between the volume element and 
other fundamental invariants, even when the cosmolog¬ 
ical constant, A, is non-vanishing. The leads naturally 
to an equivalent classical constraint, and to the quan¬ 
tum Wheeler-DeWitt Equation as a vanishing commu¬ 
tator relation. The preeminence of spin network states 
come naturally from the fact that they are eigenstates of 
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the Hermitian volume element operator; and can there¬ 
fore be used as a basis for all physical states. 


II. GAUGE-INVARIANT ELEMENTS OF 
3-GEOMETRY AND THEIR POISSON 
BRACKETS 

Three physical quantities- the volume element ( v ), the 
Chern-Simons functional of the gauge potential (C[H]), 
and the integral of the mean extrinsic curvature (K)- form 
the basic ingredients of 4-dimensional General Relativity 
as a theory of the conjugate pair of densitized triad and 
gauge variables, (E la ,A ia ). All are gauge-invariant, but 
the latter two are in addition also invariant under three- 
dimensional diffeomorphisms i.e. they are elements of 
3-geometry. 

Their definitions are as follows: 

v(x) = J 2 e abc ejj k E ia (x)E^ b (x)E kc (x ) = | detail- 

( 2 ) 

Its integral over the Cauchy surface, M, is the volume, 
V = f M v(x)d 3 x. The Chern-Simons functional of the 
Ashtekar connection is 

C = l [ (A a A dA a + U abc A a A A b A A c ). (3) 
z Jm 

Its characteristic feature is that it satisfies = B la if 
DM = 0; wherein B la is the non-Abelian SO( 3) magnetic 
field of Ai„ @ ■ The integral of the trace of the extrinsic 
curvature is 

K= l - ( E a A ( D A E) a = f ( E ia k ia )d 3 x , (4) 

Z JM JM 

with the observation that the complex Ashtekar connec- 
tion is A ia = -ik ia + T io , and ( D A E) a = dE a +e a bc A b A 
E c , and T a is the torsionless connection ( dE a + e ab c Tb A 
E c = 0) connection compatible with the dreibein 1-form 
E a = E ai dx 1 on M. 

With the above definitions and the fundamental rela¬ 
tion of Eq. ©> it follows that the following Poisson brack- 
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ets hold: 

{£, K}p.b. 
{v,C}p.b. 
{K, C}p.b. 
H = {v,iC + —K}p.b. 


47tG. 

Ott C 

(-^r )e abc e ijk E ia & h B kc 

IC A V 

(^) [ (B ia ki a ) d 3 x 
C d Jm 

(^-)[eabo e_ij k E ia & b 


(B kc + ^E kc )\. 


( 5 ) 


III. FURTHER SIMPLIFICATION OF THE 
SUPER-HAMILTONIAN CONSTRAINT 

Expressed in Ashtekar variables, the super- 
Hamiltonian constraint for the theory of General 
Relativity is precisely^] 

S 0 = j^[e abc e ijk E ia & b (B kc + ^£ fcc )] « 0. (6) 

It follows that at the classical level, we may equivalently 
replace the super-Hamiltonian constraint with the van¬ 
ishing of a Poisson bracket i.e. 

{v,^K+iC}p. B . =0. (7) 

The new super-Hamiltonian, H, is now a tensor density 

of weight 1. Using H oc Hq/v it can be demonstrated 
that the new super-Hamiltonian constraint together with 
Ashtekar’s transcriptions of the Gauss’ law and super¬ 
momentum constraints remain a set of first class con¬ 
straints at the classical level. 

Even though we may invoke Poisson bracket-quantum 
commutator correspondence {,}p.b. e->■ ( ih ) 1 [, ], there 
is no unique prescription for defining a quantum theory 
from its classical correspondence. The previous obser¬ 
vations naturally suggest defining four-dimensional 
non-perturbative Quantum General Relativity as 
a theory of the conjugate pair ( E la ,Ai a ) with 
super-Hamiltonian constraint imposed as the van¬ 
ishing commutation relation, K + iC] = 0, 

together with the requirement of invariance under three- 
dimensional diffeomorphisms and internal gauge trans¬ 
formations. 


IV. REFORMULATION OF THE 
WHEELER-DEWITT EQUATION, AND 
FURTHER COMMENTS 


Physical quantum states jT) are required to be anni¬ 
hilated by the constraint : 

[£(£), *G] I*)=0. (8) 


It is very noteworthy that the Wheeler-DeWitt Equation 
above is not merely symbolic, but is in fact expressed ex¬ 
plicitly in terms of gauge-invariant 3-geometry elements 
C and K. 

The formulation is so far not confined to a particular 
representation or realization of the theory. However it 
is most interesting that explicit realizations and repre¬ 
sentations of eigenstates of the volume element operator 
exist, and they are precisely associated with spin net¬ 
work states ! On a spin network, it is known that v 2 acts 
in a well-defined manner Q. Its eigenstates are linear 
combinations of spin network states of the same vertex 
valency(number of links) at x, such that 

[u(x)] 2 |T„) = u 2 |'I' 1 ,), (9) 

has spectrum given by v = 0 if valency of the ver¬ 
tex at x is less than 4, and v can be computed and 
may be non-trivial if the valency of the vertex at x 
is equal to or greater than four[3;J. In the connection- 
representation of spin network states, the wave func¬ 
tion, (A|4') = (A|T, {vertices}, {j}}, is such that for 
the spin network, T, each link between two vertices at 
x and y is associated with a non-integrable phase factor 
P[exp(*j5^ A )] with A in the spin-j representation of 
the Lie algebra. With appropriate assignments of combi¬ 
nations of Wigner symbols at the vertices, spin network 
states are gauge-invariant. 

Simultaneous eigenstates, | V I'„ )7 }, with eigenvalues 
(r>, 7 ) of the volume element operator and the (dimen¬ 
sionless) operator T = ^K+iC are solutions. But since 
T does not commute off-shell with the volume element, 
well defined non-trivial simultaneous eigenstates may not 
exist. 

The operator K has in fact been studied by Borrisov, 
De Pietri and RovelliQ, and its action on loop or non- 
integrable phase factor elements of spin network states 
can be made well-defined. This indicates the action 
of the operator T = + iC can also be defined on 

spin network states. The physical meaning of K is not 
readily apparent in the spin network formulation, but 
its connection to “intrinsic time” in quantum gravity 
may nevertheless be deduced from a different perspec¬ 
tive. Without resorting to particular representations, it 
is readily verified that, apart from a multiplicative con¬ 
stant, K is in fact conjugate to the intrinsic time vari¬ 
able i.e. {In v,K}p.b. = 12 J G ■ In the quantum con¬ 
text K is thus proportional to the generator of transla¬ 
tions of In -D = In | clet E a i | which is furthermore a mono¬ 
tonic function of the superspace “intrinsic time variable” 
(oc ^/l det E ai |) discovered by DeWitt in his seminal 
study of canonical quantum gravity{3|. The operator K 
is thus a Schwinger-Tomonaga “time-evolution operator” 
(complete with i) for an intrinsic time variable. 

A few observations on the physical requirements of the 
inner product and the properties of the operators with 
respect to Hermitian conjugation are in order. At the 
classical level v and K are real(according to Eqs. © 
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and ©), and it is reasonable to require that the inner 
product must lead to Hermitian v and K. The Ashtekar 
connection on M is furthermore understood to be the 
pullback of the self-dual projection of the spin connec¬ 
tion to the Cauchy surface. Thus it is also reasonable to 
conclude that A? corresponds to the anti-self-dual projec¬ 
tion, or the orientation-reversed transform, of A. In fact 
these observations suggest that C' is the Chern-Simons 
functional for the Ashtekar connection of the manifold M 
with the reversed orientation with respect to M. Thus 
the operator T is not in general P and CP-invariant. 
In this respect, spin network states are holomorphic in 
A and are therefore also not automatically P-invariant. 
Further discussions on possible P, CP and CPT viola¬ 


tions in Ashtekar theory coupled to matter have been 
discussed elsewhere [j]. 

The observations presented here highlight many re¬ 
markable features in four-dimensional Quantum General 
Relativity and behoove further consideration and contin¬ 
ued research. 
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